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The generalized Klein-Nishina formula for Compton scattering of charged particles by a finite 
train of pulses is derived in the framework of quantum electrodynamics. The formula also applies to 
classical Thomson scattering provided that frequencies of generated radiation are smaller that the 
cut-off frequency. The validity of the formula for incident pulses of different durations is illustrated 
by numerical examples. The positions of the well-resolved Compton peaks, with the clear labeling 
by integer orders, opens up the possibility of the precise diagnostics of properties of relativistically 
intense, short laser pulses. This includes their peak intensity, the carrier-envelope phase, and their 
polarization properties. 

PACS numbers: 12.20.Ds, 12.90.+b, 42.55.Vc, 13.40.-f 


I. INTRODUCTION 

In order to understand the physics behind the inter¬ 
action of strong laser pulses with matter, it is necessary 
to have well-characterized interacting pulses. With cur¬ 
rent technology, this is accomplished for laser fields in the 
optical regime provided that their intensity is no larger 
than 10 15 W/cm 2 . As pointed out by many authors (see, 
for instance, Refs. [l|-0), the same task becomes par¬ 
ticularly challenging at higher intensities, where any di¬ 
rect measurement is prone to damaging the equipment. 
Therefore, different proposals were put forward to de¬ 
termine properties of ultra-strong and short laser pulses 
(e.g., the laser peak intensity [jHI] or the carrier-envelope 
phase @). As we will argue in this paper, a sensitivity 
of Compton scattering to the driving train of pulses can 
be traced back to the properties of pulses comprising the 
train. This can be based on the generalized Klein-Nishina 
(GKN) formula , which we derive in this paper. 


A. Klein-Nishina formula 


The original Klein-Nishina formula [§] for the Compton 
scattering with the electron initial four-momentum p; [p-, ■ 
Pi = ( m e c ) 2 , where l doP means the relativistic scalar 
product, a-b = a°b° — a 1 ^ 1 — a 2 b 2 — a 3 b 3 = a°b° — a ■ b], 
has the form 

pj-njc . to 3 (1) 

Pi-n ' w cnt 

where k = (w/c)n and K = ( uiK/c)nK are the four- 
momenta of the initial and final photons, respectively, 
n = (1, n), uk = (1, and k ■ k = K ■ K = 0. In this 
equation, 
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^CUt = T 

an • riK 
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is the maximum frequency of photons generated in the 
Compton process. 

Consider the Compton process which takes place in an 
intense monochromatic plane wave of the frequency w, 
propagating in the direction n. The vector potential of, 
in general, the elliptically polarized plane wave equals 

A{k ■ x) = A 0 (e 1 cos(fc • x) cos <5 + £2 sin(/c • x) sin 5), (3) 


where £j (j = 1, 2) are two real polarization four-vectors 
normalized such that Ej ■ Ey = —Sjji and k ■ Ej = 0. 
Without the loss of generality, we assume that the time- 
components of these vectors are zero, i.e., Ej = (0, Ej). If 
the electron absorbs TV = 1,2,... photons from the plane 
wave it may emit, in the direction tlk, the Compton 
photon of frequency ujk,n 

Nlo 
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where 
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has the meaning of the ponderomotive energy of electrons 
in the laser field. Here, the relativistically invariant pa¬ 
rameter, 


l e l^4o 
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determines the intensity of the electromagnetic plane 
wave. Both U and p are the classical quantities, whereas 
the term proportional to w/w cu t in (j4|) accounts for the 
quantum recoil of electrons during the Compton process. 
Such a recoil of electrons does not take place in the cor¬ 
responding classical process, that is called the Thom¬ 
son scattering. This allows to introduce into the Klein- 
Nishina formula the classical Thomson frequency, 
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such that 
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Note that, for a given geometry of the process and for a 
given initial electron momentum, the Thomson frequen¬ 
cies are equally separated from each other. The same is 
not true for the Compton frequencies. This scaling law, 
which relates the quantum Compton frequency uik.n to 
its classical analog, the Thomson frequency has 

been discussed recently for long laser pulses (l5H17j . Its 
extension to short laser pulses together with the investi¬ 
gation of polarization and spin effects, and the synthesis 
of ultra-short pulses have been presented in jTi|. 

The Klein-Nishina formula a can be also expressed 
in the form 

N _ ^AT.Af^cut / Pi -n K | U n-n K \ ^ 

w(w cut - ujk.n) V Pi ■ n c Pi ■ n ) ’ 

which, for the given geometry of the scattering process 
and for the given frequency of the emitted Compton pho¬ 
ton, allows to determine the nonlinearity of the process, 
N. Note that the quantum nature of this formula is hid¬ 
den in w cu t- Therefore, we recover the classical result in 
the limit when luk,n <C w C ut - Similar formulas can be 
derived for multichromatic plane-wave-fronted fields with 
commensurate frequencies. 


B. Spectrally resolved Compton peaks induced by 
short laser pulses 

If the Compton process occurs in a short and intense 
laser pulse, the situation is different. It follows from the 
time-frequency uncertainty principle that, if the driving 
pulse lasts for time T p , the frequency scale over which the 
system undergoes a significant change cannot be smaller 
than roughly 2i r/T p . For this reason, the individual 
peaks in the Compton frequency spectrum are hardly 
visible if the process occurs in few-cycle pulses (see, e.g., 
Refs. |15l.[l6l ll9l - l2l| '). Now, the question arises: Is it pos¬ 
sible to design a short laser pulse such that the individual 
peaks in the laser-induced Compton spectrum are clearly 
distinguished from each other, with unambiguously pre¬ 
scribed to them integer orders IV? Although the answer 
to this question is in general negative, for suitably de¬ 
signed pulses, one can achieve the limit imposed by the 
aforementioned uncertainty relation. The idea of how to 
avoid the spectral broadening follows from the Fraunhof- 
fer diffraction theory as applied to the diffraction grat¬ 
ings, or from the frequency comb generation, and is based 
on the application of modulated laser pulses [22|, (23| . We 
will demonstrate in this paper that, by using this tech¬ 
nique, it is possible to achieve the clear spectral resolu¬ 
tion of individual peaks in the Compton spectrum, even 
if driven by few-cycle laser pulses. 


The Compton scattering by short laser pulses is very 
sensitive to the precise form of the driving pulse. It was 
pointed out in [y] that this sensitivity can be used to 
characterize the driving laser fields. In Ref. Q, the angu¬ 
lar distributions of Compton radiation were traced back 
to the carrier-envelope phase of the driving pulse. As we 
will point out, the spectrally resolved peaks in the Comp¬ 
ton distribution allow for determining properties of the 
driving train of pulses. This is done by mapping the po¬ 
sitions of the Compton peaks to the GKN formula, that 
we derive in this paper for an arbitrary, finite train of 
pulses. 

The paper is organized as follows. In the next sec¬ 
tion, the theory of Compton scattering in finite plane- 
wave-fronted pulses is presented, which is then followed 
by the discussion of the diffraction formula (Sec. IIIID . 
In Sec. hyi we present the GKN formula. It describes 
the major peaks in the Compton spectrum of radiation 
induced by a finite train of pulses. Since the formula de¬ 
pends on properties of the individual pulse from the train, 
one may exploit the properties of the Compton spectra 
in the diagnostics of relativistically intense, short laser 
pulses. This is illustrated in Sec. m for one- and three- 
cycle pulses. Sec. EH contains concluding remarks. 

In analytic formulas we keep h = 1 and, hence, the 
fine-structure constant becomes a = e 2 /(4tt£ 0 c). Unless 
stated otherwise, in numerical analysis we use relativistic 
units (rel. units) such that h = m e = c = 1, where m e is 
the electron mass. 


II. COMPTON SCATTERING 

The probability amplitude for the Compton process, 
e PiA ~^ e p f Af +7 Ka, with the initial and final electron 
momenta and spin polarizations pAi and pfAf, respec¬ 
tively, equals [2l| 

^(^a, -> e p t x t +lKa) = -ie f d 4 ij^!p 1 A i ( a; )'4]( 1 )' 

( 10 ) 

Here, Ka denotes the Compton photon momentum and 
polarization, and 

<n) 

where V is the quantization volume, ujk = cK° = c\K\ 
(K ■ I\ = 0), and £k<j = (0 ,£kct) are the polariza¬ 
tion four-vectors satisfying the conditions K ■ £j{ a = 0 
and £* K(J ■ £k<j' = —ifor cr, a' = 1,2. Moreover, 

■IpfAt p-A- ( x ) is the matrix element of the electron current 
operator with its zz-component equal to 

bSW*)] 1 ' = (12) 

Here, ( x ) is the Volkov solution of the Dirac equation 

coupled to the electromagnetic field [24| . 
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The Volkov solution of the Dirac equation for electrons 
of the four-momentum p = (p°,p), p -p = m 2 c 2 1 is of the 
from 
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E p = cp° and is the free-electron bispinor normal¬ 
ized such that u^x u p\' = with ^ = ± labeling the 
spin degrees of freedom. The electromagnetic vector po¬ 
tential A(k ■ x) is assumed to be an arbitrary function of 
k • x, with k ■ k = 0 and u> = ck°. Let the laser pulse 
lasts for time T p . Therefore, by choosing oj = 2n/T p 
we can assume that A{k ■ x) vanishes for k ■ x < 0 and 
k ■ x > 27t. This allows to interpret the label p of the 
Volkov wave m as the electron momentum in the re¬ 
mote past/future. 

In analogy to the Bloch theorem in solid state physics, 
we can introduce the electron quasi-momentum p. It de¬ 
scribes the electron dressing by the electromagnetic field, 


S p (x) = p ■ x + G p (k ■ x), (15) 


where, for the most general, elliptically polarized plane- 
wave-fronted pulse, 


A(k ■ x) = A 0 [£ifi{k ■ x) + e 2 f 2 {k • a;)], (16) 

the laser-dressed momentum has the form 21] 


p = p-pmj^ih) + ^</ 2 >) 
V p • n v • n / 


p • n 


K ^</i 2 > + (/l> 

--{pm e c) - n. 

2 p ■ n 


(17) 


Here, the parameter p is defined according to Eq. ©. 
The so-called shape functions, fj(k ■ x), j = 1,2, are ar¬ 
bitrary functions with continuous second derivatives that 
vanish outside the interval (0, 2-7r). For any of such func¬ 
tions F((/)), we define 


{F) = h,l ” F(<A)d ^ (18) 

Note that the pulses with plane wavefronts, which are 
considered in this paper, very well describe the interac¬ 
tion of laser fields with energetic electrons. This is pro¬ 
vided that the kinetic energy of electrons is much larger 
than their ponderomotive energy in the laser field (see, 
e.g. E3). 

Our definition of the laser-dressed momentum (1171) fol¬ 
lows directly from the Volkov solution (fl3l) . For the plane 
wave, the polarization-dependent terms in Eq. m van¬ 
ish, since (fj) = 0. Note that the laser-dressed momen¬ 
tum, as the quantity defined in the laser field, cannot be 


a physical observable. It follows, however, from Eqs. m 
and (fl5l) that the difference (jp{ —p\) (up to a four-vector 
proportional to k) can be directly measured in an exper¬ 
iment, as it uniquely determines the Compton frequency 
ujk [see, Eq. (TSlT) below]. This means that, in principle, 
we can redefine the dressed momentum H3> by adding an 
arbitrary four-vector, that is independent of p and van¬ 
ishes outside the laser pulse. By further assuming that 
this four-vector is not space- and time-dependent, and 
that it should be determined only by the four-vectors 
present in the definition of the laser pulse, one can con¬ 
sider the following modification [26| , 

P -t P + giei + fl 2£2 + gok, (19) 


with gj = 0 in the absence of the laser field. It appears 
that this dressed momentum is on the mass-shell (i.e., 
p ■ p is independent of p) for a particular choice of g : j , 


gi = pm e c(fi), g 2 = pm e c(f 2 ), go = 0, (20) 


for which 


P-P = ( m e c ) 2 


(m e c) 2 



2 U ' 

m e c 2 - ’ 


( 21 ) 


where m e is called the electron dressed mass, and 

U = i/z 2 m e c 2 [(A 2 > - </i) 2 + </ 2 2 ) - (/ 2 ) 2 ]- ( 22 ) 

This result has led the authors of [27] to the conclusion 
that the electron mass shift in a laser field could be mea¬ 
sured by comparing the spectrum of Compton radiation 
induced by two different pulses, but of the same energy. 
However, it follows from our analysis that the electron 
mass shift can be well-defined only for the particular 
choice of the momentum dressing [Eqs. (1191) and (E0l) ]. 
This can create doubts about the physical nature of this 
quantity. 

Indeed, the quantity defined in Eq. (E21) is the direct 
generalization of the ponderomotive energy © in the 
electron reference frame for the finite laser pulses; in the 
arbitrary reference frame the ponderomotive energy can 
be defined as the time-component of the ponderomotive 
four-momentum u multiplied by the speed of light c, i.e., 
as U = cu°, where (cf., Ref. [28j] for the case when (H) = 
0 ), 


u „ = _f_(A-A}-(A}-(A) (23) 

2 p • k 

This allows to define the dressed mass in the relativisti- 
cally invariant form j29j], 

rhl = ^(p + u) 2 , (24) 

c A 

which is independent of both the electron momentum p 
and the fundamental frequency w, as well as of the laser 
pulse polarization vectors £j. Eq. AMD , among others, 
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has lead Reiss [29| to the critique of the concept of the 
electron mass shift in a laser field. Note that such a 
dressing does not follow from the prescription (fTfll) if the 
parameters gj are p-independent and, in general, cannot 
be related to the ‘quasi-momentum’ for the Volkov solu¬ 
tion. 

It is not the purpose of this paper to take part in 
the discussion concerning the mass shift. However, inde¬ 
pendently of the physical interpretation, both the mass 
shift and the ponderomotive momentum are uniquely de¬ 
fined by particular laser pulse characteristics; namely, by 
p 2 {(fi) + (/!)) and p(fj) for j = 1,2. It appears that 
also the Compton photon frequency depends on them 
(see, e.g., Eqs. (29) and (30) in Ref. [T§])- This indicates 
that there should exist an experimental method which 
allows to determine these parameters from direct mea¬ 
surements of the frequency spectrum of Compton pho¬ 
tons. This would allow to determine either mass shift 
or the ponderomotive momentum of the electron in the 
laser field. It could be also used for the analysis of the 
peak intensity, the carrier-envelope phase or polarization 
properties of very intense, short laser pulses. 

In this context, we further analyze the probability am¬ 
plitude for the Compton process m and rewrite it as 


A(t 


PiN 


' pf Af 


■ iKo) = 


I 27rac(m e c 2 ) 2 
E pt E pi uj K V 3 


A, (25) 


where 

A = J d 4 M^ f (l-/i^/(*:-#)/ Kff 

x (f + ' x)0) Upt l e _lS(x) , (26) 

with S(x) = — S^f\x) — K ■ x. It has been 

shown in Ref. [21] that, by applying the Boca-Florescu 
transformation [19j, the frequency-angular distribution 
of energy of the emitted photons for an unpolarized and 
monoenergetic electron beam is given by 

d 3 Eg _ 1 \' \' y- d 3 EcA^ ^f) (2j) 

du K d 2 VL K 2 2-j Z_/ duj K d 2 VlK 

cr=l,z Ai— ± Af—± 


Here, 


d 3 £ : c, cr (Ai, Af) \ \ m2 

dc o K d 2 n K =“l^( w ^,Ai,Af)l 

where the scattering amplitude equals 

m e cK° 


Ac,<tAk, A;, Af) = 


27 r v / p?fc°(fc -pt) 

1 _ e -2m(N-Neit) 


N 


i (N - N eS ) 


(28) 


(29) 


with N e ff = ( K° + p® — pP)/fc°. Moreover, the functions 
Dn are defined in Ref. [21| by Eqs. (23) and (44). In 


the equations above, the Compton frequency is related 
to the initial and final electron momenta through the 
conservation relations, 

{Pi — Pi — K) ■ n = 0, pf -pf - K ± = 0 , (30) 


where, for an arbitrary four-vector a, we define aA = 
a — (a • n)n. As a consequence, the Compton frequency, 


-A2 


UK = C 


{K ■ n) 2 + {KA 
2K ■ n 

[(pi - p f ) • n] 2 + {pf - pjp) 2 
2(p; - pf) • n 


(31) 


is uniquely defined by the difference of dressed momenta, 
(pt — pi). For this reason one can select any form of 
the electron momentum dressing. Below, we adopt our 
definition, Eq. dm as for such a choice the following 
equations hold: p • n = p ■ n, p • £j = p ■ £j and p 1 - = p 3- , 
that significantly simplify analytical calculations. 

In the following, we shall consider the linearly polarized 
laser pulse such that, for 0 ^ (j) = k ■ x < 27T, the vector 
potential has a general form A{(ff) = A 0 ef{(j)) [i.e., we put 
e = £i, f{(ff) = /i(</>) and p 2 {(ff) = 0] and the electric field 
vector equals £{4>) = —ojA 0 £f'{(f)). The shape function 
f{4> ) is defined via its derivative, 


m - 


0 , (f) < 0 , 

N' f sin 2 (A/repf) sin {N lep N osc (f)), 0 < <f> < 27r, 
0, (f) > 27t, 

(32) 

where we assume that /(0) = 0. Above, the integers 
N lep and N osc determine the number of identical pulses 
in a train and the number of cycles in each pulse, re¬ 
spectively, whereas Nj is a suitably chosen normaliza¬ 
tion constant. Since the duration of the laser pulse 
is T p , we can also define the fundamental frequency, 
ui = 2n/T p , and the central one, wl = N lep N osc u) of 
the laser field, which is supposed to be fixed and equal 
to u >l = 1.55eV ps 3 x 10” 6 m e c 2 in all calculations pre¬ 
sented here. Moreover, in the following we assume that 
Nj = N rep N osc , which guarantees that the time-averaged 
intensity of the laser pulse is independent of N lep and 
N osc , as for this particular selection the amplitude of 
the electric field scales as wlP- Note that, for the rect¬ 
angular pulse, the sin 2 envelope is not present in (1321) . 
meaning that the laser pulse depends only on the prod¬ 
uct N rep Af osc . 

In analogy to the original Klein-Nishina formula 
[Eqs. ((4]) and ©], we present the frequency spectrum 
as a function of Af, 


Af = 


WK^cut 


ul( ucut - uk) V Pi - n 


V Vi 


n K 


U n ■ tik \ 
c pi ■ n / 


(33) 


In this case, we expect that in the limit of a very long 
pulse the peaks in the spectrum will appear for Af’s very 
close to integers, as it indeed takes place for a monochro¬ 
matic plane wave. 


















5 



a r 



FIG. 1. (Color online) Shows the spectra of Compton radi¬ 
ation [Eq. m\ resulting from the head-on collision of the 
linearly polarized laser pulse and an electron of momentum 
Pi = — 10 3 m e ce z . The laser pulse (p = 1 and cul = 1.55eV) 
propagates along the z direction and is polarized along the 
x direction. These two axes determine the scattering plane. 
The pulse has a sin 2 envelope [Eq. (1321) ] with N osc = 30 and 
TVrep = 1. The Compton photon is emitted in the direction 
of 9k = 0.99997T and ifiK = tt, with the polarization vector 
either parallel (upper panel) or perpendicular to the scatter¬ 
ing plane (lower panel). The energy spectra are presented 
as functions of A/”, where the vertical lines mark the integer 
values of this argument. 


In Fig. [TJ we present the angular-resolved distributions 
of Compton radiation [Eq. (l27l) [ generated by a single 
pulse, with N osc = 30 field oscillations. This distribution 
is presented as the function of JV. One could expect that, 
for such a long driving pulse, the Klein-Nishina formula 
could be successfully used and, that the dominant peaks 
would correspond to integer values of A f. Clearly, we do 
not observe such a behavior as the peaks are red-shifted, 
independently of the Compton photon polarization. As 
we will show in the next section, the situation is changed 
when a train of incident pulses is considered. 


III. DIFFRACTION FORMULA 


It was shown in [23} that, for a finite train of pulses, the 
Compton probability amplitude has the diffraction-type 


form, 


•Ac,<t(uk, Ai, A f ) = exp i$c, A i; Af) 


sin(7rQ+/fc°A r i 


(34) 


rep/ 


where ^ is the Compton amplitude for a single pulse 
and $c,cr(w/y, Ai, Af) is the Compton global phase. In 
the above equation Q + = p+ — pf — K + where, for an 
arbitrary four-vector a, we define a + = a 0 — (a • n)/2 = 
(a 0 + a ■ n)/2. For particular frequencies of emitted pho¬ 
tons ( u>k,n with integer N ), that satisfy the condition 


nQ + = —TrNN lep k°, (35) 


we observe the coherent enhancement of the Compton 
amplitude. This, in turn, leads to the quadratic, IV r 2 p , 
enhancement of the respective probability distribution. 
In contrast to the classical Thomson process, these fre¬ 
quencies are not exactly equally spaced in the allowed 
frequency region, 0 < ujk < w cu t- When ujk approaches 
the cut-off value w cu t [Eq. Pjl]. i.e., when the quantum 
recoil of the scattered electron cannot be neglected, the 
spectrum of ujk.n becomes increasingly denser. This 
means that one can generate the Compton-based fre¬ 
quency combs with equidistant peak frequencies only 
within limited frequency intervals. 

The Compton global phase equals 

®C,ct(uk, Ai, Af) = + $ c£( W fuAi, Af), (36) 

where is the so-called dynamic phase [23} . For arbi¬ 
trary laser pulses and polarizations of emitted photons, 
the dynamic phase can only be calculated numerically. 
It happens that, for pulses considered in this paper, the 
dynamic phase is independent of c ok- This means that, 
for frequencies uik,n satisfying the condition (1351) . the 
global phase is equal to 

$c,<t(uk.n, Ai, Af) = -jtN N iep + 4>c y ”(wft:, n, Ai, Af), 

(37) 

and, hence, it takes on the same values modulo 7 r. The se¬ 
lection of these particular phases for the peak frequencies 
leads not only to the enhancement of the frequency spec¬ 
trum, but also to the synthesis of ultra-short pulses of 
radiation generated during the Compton scattering [30} • 

As an illustration, we consider the same laser pulse as 
in Fig.[T|but repeated N rep times. In Fig.O we show the 
Compton spectra for N rep = 1, 2, and 4, when divided 
by A r 2 ep . The results are presented as the functions of 
N osc Af. The clearly visible peaks occur for A rep > 1. 
Their positions are almost independent of N lep and they 
correspond to the integer values of N osc J\f. Note that 
LO = wl/CVosc is the fundamental frequency of the in¬ 
dividual laser pulse from the train. Such a pulse can 
be approximately interpreted as a coherent superposi¬ 
tion of at most N osc photon states of frequencies Ku> 7 
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FIG. 2. (Color online) The same as in Fig. [T] but only for the 
Compton photon polarized in the scattering plane. We show 
the spectra for N rep = 1 (black envelope), JV rep = 2 (dashed 
red line), and N Tep = 4 (solid blue line). The vertical lines 
mark the integer values of N osc Af, for which we observe the 
approximate positions of peaks for N lep > 1. 



Af 


FIG. 3. (Color online) The same as in Fig. |T] but for the 
rectangular pulses with N osc = 1 and N rep = 10. The laser 
field intensity is characterized by the parameter /x = 3. The 
Compton photon is emitted in the direction specified by 6k = 
0 .999-7T and ipn = 7r. The energy spectrum is presented as the 
function of A f [Eq. (l33l) l. 


K = l,...,iVos C (of course, photons with other fre¬ 
quencies are also present, but with smaller amplitudes). 
Therefore, in the course of the Compton scattering, the 
electron can absorb these photons with the total energy 
Noj and emit a single photon of frequency lok.n ■ How¬ 
ever, due to the time-frequency uncertainty relation and 
an incoherent interference of probability amplitudes, the 
spectrum is smeared out such that it is not possible to 
clearly prescribe peaks to orders N. This is clearly seen 
in Figs. Q] and [2] The situation changes if we consider 
the sequence of at least two such pulses. Now, due to 
the constructive interference, the processes with integer 
N osc N are coherently enhanced. As a result, we observe 
in the spectrum the clearly resolved peaks already for 
7V rep = 2. 

The coherent enhancement of the Compton frequency 
spectra does not take place for a single pulse with the 
time-varying envelope. It appears, however, that impor¬ 
tant features of a single pulse can be precisely determined 
from positions of the main diffraction peaks in the Comp¬ 
ton spectrum, when generated by a train of such pulses. 


IV. GENERALIZED KLEIN-NISHINA 
FORMULA 

As we have demonstrated above, the application of the 
pulse train with two subpulses already allows to increase 
the resolution of the frequency spectrum of Compton ra¬ 
diation such that one can unambiguously prescribe an 
integer number to the individual peaks. We have shown 
this for a long pulse (N osc = 30), for which (/) is neg¬ 
ligibly small, so that the original Klein-Nishina formula 
may be applied. For shorter pulses, (/) starts to be sig¬ 
nificantly different than zero and the generalization of the 
Klein-Nishina formula, that accounts for this fact, is nec¬ 
essary. We apply the diffraction formula and determine 
the Compton photon frequency by solving the system of 
equations and (El). After some algebra, we arrive 


at the following GKN formula valid for a pulse train of 
an arbitrary polarization, 


wjc.jv = 


(N/N osc )uj l 


Pi-n K , i-'n-n K +gip i ,i+g 2 pi.2 
Pi -n (pi-n )‘ 2 


(AW,scVl 

^cut 


(38) 


Here, g\ and gi are defined in Eq. ©, 




(39) 


and (for j = 1,2) 


Pi,j = (Pi ' n)(n K ■ Ej) - (pi ■ £j)(n ■ n K ). (40) 


As for the original Klein-Nishina formula, the quantum 
signature is hidden in the definition of cc cut [Eq. fl2j)]. The 
frequencies determined by Eq. (1381) mark the positions of 
main peaks in the Compton spectrum. Similarly, one can 
find frequencies of the secondary peaks (if N lep > 2) and 
zeros (if N rep > 1) in the angular-resolved frequency dis¬ 
tributions. It is worth noting that now the polarization- 
dependent terms appear not in the unphysical dressing of 
the electron initial and final momenta, but in the defini¬ 
tion of the directly measurable quantity; in other words, 
they affect the peak frequencies of the Compton spec¬ 
trum. Similarly to the original Klein-Nishina formula we 
define the quantity 


A/"gkn 


_ ^Wsc^K’^cut /Pi * n K 

WL^cut - ojk) ^ Pi- n 
vn ■ n K + ffiPi.i + ff2Pi,2 
(Pi ■ n ) 2 


(41) 


which acquires integer values for peak frequencies 
For (fj ) = 0 and N osc = 1, this formula reduces to the 
original one, given by Eq. (l33l) . 

The derivation of the formula (1M1) shows that, in or¬ 
der to observe a coherent enhancement of the Compton 
spectra, the modulations of the driving pulse cannot be 
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FIG. 4. (Color online) The same as in Fig. [3] but the spectrum 
is plotted as a function of A/gkn [Eq. (141 [) ]. 

arbitrary (23 • Both the integral of the electric field over 
the time duration of a single modulation and the vector 
potential in the beginning and at the end of it have to 
vanish. In other words, we have to deal with a train of 
pulses. This precludes the application of the diffraction 
formula not only to single pulses with varying in time 
envelopes, but also to the rectangular pulses of an arbi¬ 
trary polarization. The exception is the linearly polarized 
rectangular pulse, but even in this case one has to rede¬ 
fine the vector potential such that (/) ^ 0. This means 
that, irrespectively of the duration of such a rectangular 
pulse, the original Klein-Nishina formula (U) is not appli¬ 
cable, unless the particular geometry is selected such that 
Pi j = 0 for gj 0. For instance, in the electron reference 
frame this happens if tik ■ e 7 = 0, as pi ■ e-j = 0. This cor¬ 
responds to the case when the Compton photon is ejected 
perpendicular to the laser field polarization vector. 

In Figs. [3] and [2 we consider a generic case when 
Pij y^ 0 for the linearly polarized laser field. In these 
figures we compare the same spectrum of emitted radi¬ 
ation, but we present it as the function of either A f or 
A/gkn- We see that the main peaks of this spectrum cor¬ 
respond exactly to the integer values of A/gkn ■ We also 
observe a dramatic difference in numerical values for Af 
and A/gkn- For instance, the first peak corresponds to 
Af = 39 or A/gkn = 14. If the original Klein-Nishina for¬ 
mula had been used for interpreting this peak one would 
ascribe it to the process with absorption of 39 laser pho¬ 
tons (not accounting for the fact that the majority of the 
peaks could not be interpreted this way, since they do 
not match the integer values of Af). In contrast, for the 
GKN formula, all the main peaks can be interpreted as 
the result of absorption of an integer number of laser pho¬ 
tons. Note that the positions of these peaks are the same 
with the increasing N lep , whereas their widths become 
increasingly narrower. 

V. FEW-CYCLE LASER PULSES 

A closer look at Fig. [2] shows that for N lep > 1 some 
peaks in the spectrum do not scale as . This con- 



u>k/ m e c 2 



FIG. 5. (Color online) The same as in Fig.[lJ but for N oac = 1 
and only for the Compton photon polarized in the scattering 
plane. The curves in each panel represent two cases: N lep = 1 
(smooth envelope) and N Tep = 2 (densely distributed peaks). 
In the upper panel the energy spectra are presented as func¬ 
tions of the Compton photon frequency ujk, whereas in the 
lower frame as functions of A/”gkn ■ The vertical lines in the 
lower panel mark the integer values of A/gkn, that exactly 
coincide with the positions of peaks. The distance between 
the peaks is roughly 1.79m e c 2 . 


cerns peaks located close to the frequencies for which the 
distribution for the single pulse vanishes. As one can see, 
after dividing these distributions by N? , the spectrum 
for N iep = 1 represents the envelope for the main diffrac¬ 
tion peaks (i.e., observed for N rep > 1). This means that 
the spectra are tangent to each other for frequencies close 
to the main peaks. If the Compton spectrum for a single 
pulse shows rapid modulations and the diffraction peak is 
located at the edge of a particular modulation, then the 
peak frequency does not correspond to the one for which 
the spectra are tangent. In these cases, it may happen 
that the application of a pulse train does not enhance, 
but rather suppresses, the generated radiation. This is 
the reason why in Fig. [2 some of the diffraction peaks 
are hardly visible. To avoid the suppression of emitted 
radiation, it is advisable to use such laser pulses, or such 
scattering kinematics, that the spectrum originating from 
a single pulse exhibits a broad structure; the so-called 
supercontinuum. Note that the formation of supercon- 
tinua was discussed recently in the context of Thomson 
and Compton scattering, and the synthesis of zepto- and 
yoctosecond pulses of radiation [3Q|. It appears that the 
best choice for their generation is to use few-cycle laser 
pulses. We shall illustrate this below for N osc = 1 and 3. 

In Fig. [5] we present the Compton spectrum induced 
by a single-cycle pulse. The spectrum consists of the 
































































































































FIG. 6. (Color online) The same as in Fig. [5] but for N oac = 3. 
Since the peaks are denser, in the lower panel only part of the 
spectrum is presented. The peaks are separated by roughly 
0.33m e c 2 . 

broad supercontinuum which extends from nearly 10m e c 2 
up to 80m e c 2 . If we repeat this pulse, N rep = 2, we ob¬ 
serve the formation of the diffraction peaks for integer 
values of A/gkn (lower panel), which proves the validity 
of the GKN formula. For larger values of N lep , the po¬ 
sitions of the main peaks stay the same but their widths 
become more narrow. The energy separation between the 
adjacent peaks is nearly the same (~ 1.79m e c 2 ). Note 
that the pulse train under consideration is the superposi¬ 
tion of two plane waves of frequencies wl and 2 wl- Also, 
the peak intensity of the laser field is not very large, as 
it does not exceed 10 19 W/cm . This suggests that our 
theoretical predictions could be verified experimentally, 
for instance at the ELI facility [3lj| . 

For pulses with more oscillations, the situation is simi¬ 
lar. In Fig. El we show this for N oac = 3. The only differ¬ 
ence is that now the distribution of the diffraction peaks 
is denser, with the energy separation of roughly 0.33m e c 2 . 
As above, the main peaks (for N rep = 2 there are only 
the main diffraction peaks and the weaker secondary ones 
show up for N lep > 2, as presented in Fig. [2]) correspond 
to the clearly prescribed integer values of A/gkn- This, 
again, proves the validity of the GKN formula derived in 
this paper. 

It follows from Eq. (PHI) that, knowing the geometry of 
the Compton scattering and the electron initial energy, 
measuring frequencies of only three consecutive peaks in 


the spectrum (for N lep >1) leads to the determination of 
the two important parameters of linearly polarized pulses 
which comprise the train: /i 2 (/ 2 ) and If the form 

of the envelope is known such measurements allow to 
determine the peak intensity of incident pulses, which is 
characterized by the parameter /j. Another possibility is 
to map the positions of the Compton peaks to the carrier 
envelope phase, assuming that the envelope type and the 
peak intensity is known. Similar measurements for two 
different geometries can extract the values of /r 2 ((/ 2 ) + 
(/!)) and n(fj) (j = 1, 2) for elliptically polarized driving 
pulses and, hence, also their polarization properties. 


VI. CONCLUSIONS 

We have demonstrated that, by using a train consisting 
of a finite number of identical pulses, one can generate 
the Compton radiation with well-resolved peaks. In other 
words, we propose the mechanism to reduce the spectral 
broadening of the emitted radiation which typically oc¬ 
curs if a few-cycle pulse interacts with the electron (see, 
for instance, Refs, [HI, [l(| [HHIl|). This is a comple¬ 
mentary proposal to the one presented in Ref. |32l - [34 |. 
where a single but chirped initial pulse was used in or¬ 
der to compensate for the spectral broadening. Based on 
this result, we have derived the generalized Klein-Nishina 
formula. 

The GKN formula CTl) predicts the positions of well- 
resolved peaks in the Compton spectrum, when driven 
by a finite train of pulses. We argue that, by analyzing 
the positions of the peaks in the frequency domain of 
Compton photons, it is possible to determine laser pulse 
parameters, ^ 2 ((/ 2 ) + (/f)) and n(fj) for both linear po¬ 
larizations. This means that the proposed method can 
be applied, for instance, to determine polarization prop¬ 
erties of such pulses and either their peak intensity or 
their carrier-envelope phase. Note that a similar anal¬ 
ysis can be carried out for other fundamental processes 
of strong-field quantum electrodynamics, like the laser- 
induced Breit-Wheeler and Bethe-Heitler pair creation. 
These possibilities are under investigations now. 
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